sensitive to the orientation of the body. A peak in cross section occurs at the scattering angle corresponding to the ray normal to the critical surface, and increases as the surface becomes flatter. The cross section is sensitive to the ratio of peak density to critical density for moderate values but becomes relatively insensitive when the ratio exceeds 3. The total cross section is a very sensitive function of both orientation and ratio of ma3or to minor axes. The introduction of a magnetic field decreases the ordinary ray cross section; the extraordinary ray exhibits higher values only in the forward scattering region, but is always higher for the spherical case. Comparison of the Gaussian ellipsoid with the corresponding conducting ellipsoid shows that the Gaussian has a large cross section in the forward region but considerably lower values -'n the backscatter region.
INTRODUCTION
In recent years there has bpen aocm work performed on the scattering of High Frequency (HF) radio waves by artif"-cial chacg6 distributions in the ionosphere.
The most notable of these are the "SECED E" Ba jum W Releases whi.ch have beme discussed in the litirature : Bates, 1971; Rao, et al., 1971; T iome, 196IH) . Up to this time, there has not been a thorough investigation into the srcatter',g by thzae releases as P function of angle of the incident wave t3 the major axis of the releases.
We have therefore c 'dcuated the total %r-ois section f nd the dif•.reztial cross section ox a long cylindrical charge d.stributim with an 6Iipsoidai croSs section and a two-dimensional Gaussian ,leztroa derls&y distrib'Ation for Reveral orientations of the mnjor axis of the distribution to the Lncident wavc. To "•erforni these calculat.--w.-niuply the theory of r:.y optics ant use !.L•lýgro',re's differential equations (Kelso, 1964) to calculate the ray patho. I,., calculate the incex ot refraction, he hzwe emrloyed the Appletnn-Hart-ee dispersion equation tKelbo, i964) neglecting absorption by the medtun.,
In the following discussion, we will present roir results for L.e differential and total cross section of long cylindrical bodies wnich ha•ve various ellips~i(Ial c~ru•s sections and differing electron contents. In o.dditivon, we will tro'at the 'a,3oron oi a (Received for publication 17 January 1972) prolate ellipsoid when the direction of propagation of the incident wave is along the major axis of the ellipsoid.
Although it is known that the artificially induced charge distributions take an ellipsoidal form, we will initially treat the simpler case of an infinitely long cylinder with an elliptic cross section. The special case of the incident plane wave parallel to the major axis of the charge distribution can be treated as a prolate ellipsoid since there Is no dependence on azimuthal angle, and thus the crosý section is a function of scattering angle only. The azimuthal dependence of the cross section, which is important in the case of an incident wave at an oblique angle to the charge distribution, has not been included in our calculations.
ANALYSIS
For a spherically symmetric distribution the scattering cross section is given by the formula (Merzbacher, 1961) S4ffb db= (1) where b is the impact parameter, and I nh scattering angle. We have introduced a factor of 417 in order to be consistent with the definition used in radar cross section studies.
A more general formula (Merzbacher. 1961 ) for the differential cross section is dA = a(S,) ,IA'
where dA is the incident flux per unit area and dA' the area into which it is scattered.
For a long cylinder, neglecting end effects,
where b is the impact parameter and y is a length along the cylinder. In cylindrical coordinates, we have
"where 0 -s the scattering angle. Substituting Eqs. (3) and (4) into Eq. (2), dbdy = a(O,y)dOdy.
Since the cylinder has a uniform cross sectional area along its length, a is a function only of 0, and we can thus integrate the y component to obtain
Introducing the factor of 217 to be consistent with radar cross sections, we. obtain 10) = 2ffrdb
Eq. (7) was used to calculate the differential cross section per unit length of the cylinder. For convenience, we have taken the unit of length to be 1 km. The total cross section can be calculated by integrating the abovec equation over 0.
In order to evaluate the derivative in Eq.
(1), we must calculate the paths of a number of rays in order to obtain the dependence of b on 0. These ray paths are determined by Haselgrove's equations, which we will discuss in the next section. The evaluation of the derivative was worked out with the help of Rosenberg (Rosenberg, 1971) , who has written a spline fitting program (Ahlberg, 1967) which allows us to fit a function to a number of cubic polynomials so that the first derivative is continuous or nearly continuous at each point along the curve. Thus we can calculate 0(0) under a variety of different conditions.
PROCEDURE
We now discuss the evaluation of Haselgrove's equations and the computer code which was written to calculate the scattei ing cross section of .' long cylinder with an ellipsoidal cross section. Figure 1 shows the system of coordinates which we have used in our aralysis. The x-axis is horizontal, the z-axis is in the vertical plane, and the y-axis points into the paper. The rotation angle of the ellipse OR is measured counterclockwisr from the positive x-axis to the major axis of the ellipse. The impact parameter b is measured from the x-axis and is incident from the left. The perimeter of the ellipse is the curve along which, when no rnagnetic field is present, the index of refraction N(x,z) is zero (critical ellipse). The distance Z is the z-coordinate of the point in the left-hand plane, where thu tangent to the ellipse is perpendicular to the x-axis.
In order to solve E+. (7), a Fortran computer program was written to calculate b(9) and subsequently evaluate V(W' for a number of different parameters. Following is a brief description of the steps involved in the computations. Appendx A contains a copy of the computer code which was written.
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To determine a complete set of impact parameters, we calculate a quantity Zi about which we symmetrically distribute the impact parameters by where OR is the angle the major axis makes with the x-axis, and Zmax is the maximum z coordinate of the critical ellipse. The above empirical formula was found to work sufficiently well for the rotation angles 00, 450 and 900.
The impact parameters were closely spaced near the value of Z', but the spacing &icre-.ses as we proceeded away from the line of symmetry. T.ae maximum sepr atiot, between impact r ,rameters was .25 kin, and they extended to a distance of 4 Zmax from Z.
Once we have chosec the impac,' parameters, we launch each ray from an x coordinate of '-5 km towards tne ellipse. Haselgrove's equations, which define the path that a ray will take in a medium with an index of refraction 1A are: where Ad = c At ard c is the speed of light. The quantity Ad which was used in integrating the above equations represents the step size which at a maximum was 0.5 km. This vtlue was decreased by the program such that in no step would the phase angle change by more than 30. The integration was carried out by means of a Runge-Kutta method for the solution of a set of simultaneous linear differential equations ; Scarborough, 1930) . When the calculation of the rays was performed with a step size of 0.25 kin, half the normal step size, the maximum difference in the scattering angle was 0.0090. The difference in the scattering cross section was less than 0.001 km 2 where the maximum scattering error occurred. The value of p at each point that the equations were evaluated is given by the Appleton-Hartr, 3 Disper sion Equation,
Xo ZO /]
A measure of the hardness of the charge distribution is p, which is defined as the ratio of peak plasma density to the critical plasma density. If p is somewhat greater than 1, we have a hard charge distribution, for which we consequently have a significant region of backscatter. The Gaussian half widths of the charge distributions are x and zo.
The gyromagnetic ratio (ratio of ion frequency/incident frequency) is Y, and 
Once each impact parameter has traced a ray, the resulting table of b and 0 define
The value of b for 0 = 1800 is defined as the displacement, and it is subtracted from all values of b. The reason for the displacement is the asymmetry of an elliptical charge distribution when it is rotated with respect to the incident plane wave, or when a magnetic field is present.
The tablfo of b and 0 is then interpolated at intervals of I0 with a cubic spline, and the slope at each point is calculated. Since the slope has a few discontinuities due to imperfections in the method of interpolation, it is smoothed by taking an 11 point running average twice. The process of smoothing is of questionable value since the total cross sections appear to be increased by as much as 10% when the smooth data is used. The effect of smoothing appears to "lift" the curve, thus increasing the value of the integral. The region where the smoothing is needed is normally in the backscatter region where the cross section is small. Thus it would seem that, although not aesthetically pleasing, the curves with small discontinuities in the backscatter region are more accurate over the completed range of angles than the smoothed curves.
Once we have the derivative, the cross sect.on is easily calculated by Eq. (7), and the total cross section "0S =r I I dO.
The values at 00 and 3600 are Jetermined by linear extrapolation.
In order to compare the cross section values to a cylindrical rod of circular cross section, we have calculated the values of x 0 and z such that the total electron content in a slicc of the cyliader is the game.
The electron content in a circular cylinder of unit length is
and the electron content in an ellipsoidal cylinder of unit length is
S-0
Xo 0
Therefore the electron content for a slice of a cyluider will remain constant if the product of the major and minor axes remains constant.
Ifwr taker = 1 km, then
0 00
SIf we want an ellipse with x /o 5 RO te
We will now be able to determine not only how the orientation of the charge distribution changes the cross sections, but how the shape of the distribution affects the cross section.
The program which was written had a number of parameters which could be changed to investigate their effects on the cross section. These parameters were _p Xo 0z and OR. The output of the program was:' impact parameters, the total cross section per unit length, and a tabulation of ', db/dO, o(0) at 10 intervals, and total cross section.
RESULTS FOR A LONG CYLINDER
The program to calculate the cross sec-tions produces 6 graphs for eacb choice of parameters. The curves are the -ay paths (Figures 2a, 3a, 4a) , the function f(O) (Figures 2b, 3b, 4b) , the derivative db/dO (Figures 2c, 3c, 4c ), and the cross section (Figures 2d, 3d, 4d ). In addition, the smooth values of derivative and cross section are also plotted but are not shown. Figure 2 has the ellipse unrotatee. From the figures, it can be seen how the detail structure varies with different orientations, and the sharp peak when R largest. If we carefully examine the differential cross section curves in Figures 6 and 7 , we notice that the cross section reaches a relative maximum between the end points.
Thi3 peak, which is dependent on the angle between the major axis of the ellipse and the propagaton direction, increases the total cross section. The radius of curvature of the charge distribution is also an important factor. The peak is highest when the curvature is small, and the wave normal is perpendicular to the tangent In Figure 8 we have plotted the location of the peak vs the rotation angle of the ellipses for Ro = 2, 3 and 5. The points which do not lie an the line O. = 29R probably are different due to the reflecting body being an ellipsoid. In Figure 9 we have shown how the cross section at an orientation 00, 450
0
and 900 changes as we vary p and keep H° = 3. One of the important features we have noted is the insensitivity of the total cross section to p. Figure 9 shows the variation in cross section is not very significant for p greater than 2.
In Figure 10 we have plotted the total cross section per unit length vs R° for four different arigles of rotation. This graph demonstrates how elongation of Ehe distribution can increase or decrease the total cross sect .on; for an angle of about 200, the cross section remains relatively constant regardless of the value oi R 0 .
In Figure 11 we can see the large change in the total cross section as a function oý angle. This graph demonstrates the importance of knowing how the ellipse is aligned in order to properly interpret radar data. In addition, we have also plotted the smooth data on this curve for R° = 5 to show how the total cross secton has increased with the smoothing. 
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S. RESULTS FOR THE PROLATE ELLIPSOID
In the case of a prolate ellipsoid, the cross section of the electron density distribution perpendicular to the major axis is a circle. If we have a plane wave incident along the major axis of the ellipse, it encounters a circularly symmetric charge distribution, and we can apply Eq. (1) to calculate the differential cross section.
In Figure 12 we show the differential cros3 section for R° = 1, 2 and 5. From these curves it appears that elongating the distribution has an effect similar to decreasing the size of a spherical distribution or decreasing the value of p. If we 21r integrate Eq. (1), we obtain the total cross ser:tion a " odO of the ellipsoid.
In Figure 13 we have plotted the total cross section vs R. keeping the total electron ,onteat constant. For this case Eq. (19) has to be modified such that zo is a function of the cube root of the ratio. From Figure 13 we can see the dramatic decrease in the total cross section as the incoming wave encounters a smaller area perpendicular to the direction of propagation and thus has a smaller backscatter region. 
COMPAW'-(GN OF GAUSSIAN AND CONDUCTING ELLIPSOIDS
To show the effect of a change from a continuous density dio-tribution to the extreme case of a conducting body, we have plotted the scattering cross sections at 0R = 0 and R° = 3 of the Gaussian ellipsoid (p = 2) and the perfectly conducting ellipsoid (Crispin and Siegel, 1968; . The surface of the conducting ellipsoid was chosen to correspond to the critical surface of the Gaussian ellipsoid. As These results corroborate previous work for the Gaussian sphere (Klein and Mabee, 1968) , which indicates that the replacement of a moderately overdense Gaussian sphere by a conducting sphere of critical size is a poor approximation. In highly overdense bodies, however, the density gradient in tl z critical region is quite high so that here this approximation may be a reasonable one.
CONCLUDING REMARKS
It should now be obvious that the shape of an electron distribution and its orien,:,tion to an ooserver are very important in determining the differential and total cross section. Thus with the figures available in this report, it is hoped that cross section values of charge distributions can be approximated by properly applying the data presented and taking care of end effects for finite length cylinders.
We have shown that the magnetic field decreases blightly the differential cross section for the ordinary ray, but the extraordinary ray has a larger cross section than the same charge distribution when we do not have a magnetic field. We have ix.dicated the error involved by trying to replace a charge distribution by a conducting body. The characteristic differential cross sections are so different that we could only use a conducting body for a very small range of scattering angle3. Although the compater code in Appendix A was written for a CDC 6600, it should be easily converted to another system with minimal effort so that individual cases could be calculated. In addition, subroutine DERIV is written for a Gaussian charge distribution. If another charge distribution were desired, only this subroutine would be affected. 
